INVERSE SCATTERING FOR THE NONLINEAR SCHRODINGER 
EQUATION WITH THE YUKAWA POTENTIAL 

HIRONOBU SASAKI* 



Abstract. We study the inverse scattering problem for the three dimensional non- 
linear Schrodinger equation with the Yukawa potential. The nonlinearity of the equa- 
tion is nonlocal. We reconstruct the potential and the nonlinearity by the knowledge 
of the scattering states. Our result is applicable to reconstructing the nonlinearity of 
the semi-relativistic Hartree equation. 

1. Introduction 

We consider the inverse scattering problem for the three dimensional nonlinear 
Schrodinger equation 

id t u + Au + Q eM -^ r) u - ( V Xp( ^ ir) * H 2 ) u = (NLS) 

in f x I 3 . Here, u is a complex- valued unknown function of (t, x) G R x R 3 , dt = d/dt, 
A is the Laplacian in R 3 , r = \x\, Qo,Qi G R 3 , /io>A*i > and * is the convolution in 
the space variables. Recall that the functions 

v, ■:= -ousted, j = 0,1, 

are said to be the Yukawa potential. The equation (INLSD is approximately derived from 
the generalization of the electronic Hamiltonian for an Y-electron atom in a plasma: 

N N ry / I ,-|\ N i I A u n 

Z exp(— jJ.Q\x J \) s—^ exp(— /j,x\x j — ar\) 



2^-^ J ^-^ \xi\ ' ^— ' \xi — x k \ 

3=1 3=1 j>k 

where x j G R 3 is the space variables for the j-th particle, Aj is the Laplacian with 
respect to x^ , Z is the nuclear charge and I = 0,1, are parameters depending on the 
density and the temperature of the plasma (see, e.g., Mukherjee-Karwowski-Diercksen 

dm. 
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In order to mention the inverse scattering problem, we introduce the definition of 
the scattering operator for the nonlinear evolution equation 

idtv(t)+J(v(t)) = f(v(t)), tel, (l.i) 

where v is a complex-valued function on the Hilbert space X, J is a self-adjoint operator 
on X and / is a perturbed term. Let B(5; X) be the set of all <fi G X with \\<fi\\x — S. 
The scattering operator S is defined by the mapping 

S : B(5;X) 3 0_ i-> 0+ G X 

if the following condition holds for some 5 > and some Z C C(R; X): 

For any 0_ G 5(5; X), i/iere uniquely exists v G Z suc/i i/iai v is a time-global 
solution to U.l\) and satisfies 

lim ||v(t) -e^-Hx = 0. 

Furthermore, there uniquely exists <p + G X such that 

lim \\v(t) -e itJ (f) + \\x = 0- 

t— »oo 

We remark that e*' J is a solution to the Cauchy problem for 

f i^u(t) + J(u(t)) = 0, t G R, 
\ t;(0) = 0. 

The inverse scattering problem for the equation (II. ip is to recover the perturbed term 
/ by applying the knowledge of the scattering operator S. Before we treat fINLSj) . we 
first review the inverse scattering problem for the Schrodinger equation with power 
nonlinearity briefly. Strauss [19] considered the nonlinear Schrodinger equation 

id t u + Au = K(x)M p -y (t,x) 6lxK" 

Suppose that p is an integer satisfying 

p > 4 if n = 1, 
p > 3 if n = 2, 
p > 3 if n > 3, 

and V(x) is real- valued continuous and bounded, whose derivatives up to order I > 3n/4 
are bounded. Then the scattering operator S is well-defined. It was shown that V(x) 
is recovered from the scattering operator by the following way: For s G M n , let H s (R n ) 
be the Sobolev space (1 - A)- s / 2 L 2 (R n ). For any G ^(1") n L 1+1 / p (M n ), we have 

lima-(" +2 )/[0 Q ,J 

V(x ) = -j^ , (1.2) 

/ / \e itA (f)(x)\ p+1 dxdt 
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where <j) a ,x { x ) = 'Pi. 01 1 { x ~ x o)), a > 0, x, x e M n and 

The above limit is called the small amplitude limit. Later, Weder [251 123 I2E1 [221 
1ST] proved that a more general class of nonlinearities is uniquely reconstructed, and 
moreover, a method is given for the unique reconstruction of the potential that acts as 
a linear operator and that this problem was not considered in [19] . 

Unfortunately, the above methods to obtain the reconstruction formulas are not 
applicable to the case (INLSj) even if Q — 0. The essential point to prove the formula 
(11.21) is the change of variables in the following integral: 




V(x)\e itA 0(x)\ p+1 dxdt. 
By changing variable x by a~ l (x — xq), we have 

l{0 a , xo } = a n+2 [ [ V{x + ax)\e itA <f){x)\ p+1 dxdt. 



Therefore, as a — > 0, we can take the value V(xq) from the inside integral. Applying 
the same method to (INLSI) with Q Q = 0, we obtain 

I[<f>a, X0 }=[ [ {V*\e ltA <P^ X0 \ 2 ){x)\e UA <p a ^{x)\ 2 dxdt 

JR JR n 

=a 2n+2 [ [ (V(a-) * \e itA <f)\ 2 ) (x)\e itA <f)(x)\ 2 dxdt, 

JR JR n 

where V(x) = Qi — — — ^ 1 . Since the integral 

(V(0) * \e itA <f)\ 2 ) (x)\e itA <J)(x)\ 2 dxdt 

does not converge, we can not make a tend to infinity. 

We next review the inverse scattering problem for the nonlinear Schrodinger equation 
with a cubic convolution 

id t u + Au + V(x)u = F a (u), (t,x)eRxR n . (1.3) 

Here, V : M 3 — > C is measurable and satisfies some suitable condition, 

F a {u) = A(x)(| • \~ a * \u\ 2 )u 

and A G C^R") n ^^(R"). It was proved by Watanabe [21] that if o is a given 
number, then we can reconstruct V and A by the knowledge of the scattering operator. 
Watanabe [23] determined a of the term F a if V = and X(x) is a non-zero constant 




4 



H. SASAKI 



function. Under the condition V = 0, Sasaki [T7| proved that a of F a can be determined 
even if Aj is not a constant. In fact, cr is given by 

, = 2n + 2-U^n m ^l +2 , (1.4) 

where e is the base of the natural logarithm, G if (R n ) \ {0}, <p a = <p Q) o and S is the 
scattering operator. For other results of the inverse scattering problem for (11.31) . see 
Watanabe [221 El] and Sasaki- Watanabe [IS] . 

As we mention before, we study the inverse scattering problem for (1NLSI) . Remark 
that we can not directly apply the known results to recovering the functions Vj, j = 0,1. 
Our goal in this paper is to give a formula for determining the parameter Qj and fij, 
j = 0, 1, by using the knowledge of the scattering operator for (INLSj) given by Theorem 
O below. 

We now define some notation which will be used later. Let Z>o be the set of all 
non-negative integers. For Q C R n , let C£°(fi) be the set of all smooth functions with 
compact support in Q. We put f 2 (R 3 ) = 7i. We denote the norm and the inner 
product of W by || • || and (-, ■), respectively. For 1 < p, q < oo, || ■ \\ q and || ■ \\( Pl q) denote 
II ' ||i?(K 3 ) an d || • ||lp(R;Z/2(r 3 ))) respectively. We set F(u) = — (Vi * |m| 2 )m. Let H be an 
unbounded operator on H defined by 

D(H) = D(-A) = H 2 (R 3 ), H=-A + V . 

The Kato-Rellich theorem implies that H is self-adjoint on D(H) (for the detail, see 
Theorem X.15 in [13]). Therefore, we see that e~ ltH : 7i — ► 7i is a unitary operator. 
That is, we have 

(1.5) 



for any <fi G Ji. Our first result is concerned with the direct scattering problem for 
fINLSD . 

Theorem 1.1. Assume that 

|QoI < A*o- (1.6) 

Let Y x = L 3 (R; L 18 / 7 (R 3 )) and Z x = C(R; H)V\Yy. Then there exists some 5 > such 
that if 4>- G B(5;7i), then there uniquely exists u G Z\ such that u is a time-global 
solution to U.l\) and satisfies 

u(t) = e~ itH (t>- + - f e -<(*-^)^ F(u(r))dr, (1.7) 

^ J-oo 

lim \\u(t) -e~ itA 0_|| =0. (1.8) 
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Furthermore, there exists a unique <p + G 7i such that 

lim||u(t) -e- ltA (p + \\ = 0. (1.9) 

t— >00 

Therefore, the scattering operator for liNLS\) 

Si : B(<J;W) 3<j)-^(f) + eH 

is well-defined. 

It is well-known that the wave operators 

n± = s - lim e itH e itA : ft -> P ac (ft) 

and the inverse wave operators 

fi£ = 8 - lim e-^e-^Poc : H -> W 

i— »±oo 

are well-defined (see Theorem XI. 30 in [H]). Here, P ac means the projection onto 
the absolutely continuous subspace of H. Under condition (jl.6p . then P ac becomes 
identity (see Section 1X1 below and the proof of Theorem XIII. 21, (a) in [15]). We define 
a mapping Sy by 

Sy = : — > 7~C. 

The operator Sy is the scattering operator for (11.11) with J = —A and f(u) = — V u. 

Using the method of [211 1221 [271 [23 121] , we see that Sy can be determined from the 
knowledge of S%. 

Theorem 1.2. fl2D ESI ETJ EEl EH]j ^4sswme tfiat (CD| fto/ds. For any <p eH\ {0}, 
we have 

lim-5i(e0) = S Vo ((f>) in H. (1.10) 

£—►0 £ 

Once we have determined Sy , we can reconstruct Vo, e ±ltH , Q±, Q± by Enss-Weder 
[5]. The remaining unknown numbers Q\ and /ii are determined by the following result: 

Theorem 1.3. Assume that / TOP holds and that G C C °°(1R 3 \ {0}) satisfies (f) ^ and 
(A 2 + 1)- 1 0GC" 6 OO (R 3 \{O}). 

(i) We have 



6 



H. SASAKI 



(ii) Suppose that Qi ^ 0. Put 
1/2 



Qi 



/if 



H(b) = -A - bQ 



*i(a) 



a exp(— a/ |a|rj 



r 



* e 



-itH(b) 



exp(-bfi r) 



-itH(b) 



dt, a G 



a = limie~ 3 b~ 7 ({Q+S^ -id)(e<f> b ),<j> b ) , 
m = max {m G Z> ; \l/i(m) < |a|} , 
gi = max jg = 0, 1; (m + |j < \a\j , 

fc+i = max = 0, 1; ^m + % + ^TTI ) - 

gi = sign Gt) ( mo + % l) 



J = 1,2, 



;i.i2) 



Remark 1. We suppose that Vo = 0. Following the proof of Proposition 6 in [18], we 
can easily show another formula for determining Qi/fif 



Q_ 

Mi 



lim A lim 



1 A— >oo 



(Si - id)(e(j)\),(j)\ 



47r||e^0||J 4j4) 



1.13) 



Remark that the formula (11. lip is simpler than (I1.13p . 

The contents of this paper is as follows: In Section [2], we show Theorem 11.11 For 
this purpose, we introduce the L p -L q estimate for solutions to the linear Schrodinger 
equation 

id t u + Au + g Q ex P(-^ r ) M = o (1.14) 
r 

given by Rodnianski-Schlag [16]. From the L p -L q estimate, we show that we can treat 
fINLSI) as the nonlinear Schrodinger equation 



id t u + Am — ( Q 



exp(-/xir) 



r 



*\u\ \u = 



(1.15) 



wherever we consider only the direct scattering problem. 

In Section [3j we consider some properties of the Schrodinger propagator e~ ltH ^ . 
Here, H(X) is a self-adjoint operator on 7i defined by 

H(X) = -A + X\Vo)x-i. 
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We prove that e ltH W satisfies the following properties: 

• lim^oo e~** H ( A )0 = e ltA (j) f° r some </>. 

• ||e~ 4tf/ ( A ) || is bounded with respect to A > 0. 

These properties will be used to show Theorem 11.31 in Section HI 

In Section [5j we apply Theorem 11.31 to the inverse scattering problem for the semi- 
relativistic Hartree equation 

exp(-/i 2 r) 



(id t + y/l-A)w+ K? 2 



* \w\ 



w 



o, (t,x) e 



>l+3 



;i.i6) 



The existence of the scattering operator can be shown by applying the endpoint 
Strichartz estimate for the Klein-Gordon equation by Machihara-Nakanishi-Ozawa [9]. 
We prove that /i 2 and Q 2 can be determined via the formulas (15. 6p and (15.71) below. 
The base of the proof is the following limit: 



lim 

A— >oo 



_itA 2 — itAVA 2 — A 



(4,4) 



0. 



;i.i7) 



The functions e _ ** A ^ A2_A and e l ^ A (p are solutions to the free semi-relativistic equation 
and the free Schrodinger equation, respectively. Thus, the limit (11.17!) i s one °f the 
non-relativistic limit. 



2. Direct Problem 
tl 

For a measurable function V : M 3 

II^IU 



In this section, we first prepare the Key properties to show Theorems 11.11 and ll.3[ 

C, we set 



\V\\ic = sup 




+3 \x — y 

\V(y)\ 



dy. 



xeM 3 Jr3 f — y\ 

The norm || • \\r is called the Rollnik norm. Remark that the condition (II. 6p is equivalent 
to 



JQoj 

(Mi 



< Att min < 







-l 


















r 


R 


r 





(2.1; 



For the detail, see Section lAl below. 

Under some suitable condition of V, we obtain the following the time-decay estimate 

of e -it(-A+V). 



Proposition 2.1. (\16\ ) Suppose that a measurable function V : M 3 

max{||V|| fl , ||U|k} < 4tt. 



satisfies 



(2.2) 
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Then we have 



for all (f) G L X (]R 3 ) andt^O. 



-it(-A+V), 



< C\t\ 



(2.3) 



Assume that V satisfies (12. 2(1 . By ( 11. 5ft and ( 12. 3ft . it follows from the Riesz-Thorin 
interpolation theorem that we obtain the L p -L q estimate 

\\e-^- A+v ^\\ p <C\t\-IU\\ g (2.4) 

for all 1 < q < 2 < p < oo with l/p+ 1/p — 1, G L 9 (1R 3 ) and t 7^ 0. It is shown by 
Ginibre-Velo [6] that via T*T argument, (12.4(1 gives rise to the class of the Strichartz 
type estimates. 

Proposition 2.2. Assume that V satisfies Ii2.2\) . Let q^ > 2, 2 < [3j < 6, j = 1,2,3. 
If2/qj = 3/2 — 3//3j, j = 1, 2, 3, then we have 

II ±it(-A+V) -II 



I (91 A) 



< 



3 ±i(t-r)(-A+V) 



/(r)d 



T 



(92, /9 2 ) 



<C||/II(^)- 



(2.5) 
(2.6) 



ifere, (73 and /3 3 denote the Holder conjugate of q% and (3$, respectively. 

We are ready to show Theorem 11.11 
Proof of Theorem Put 



F(u) 



Q 



exp{—nir) 



* \u\ u 



and 



1 /"* 

- / e - i{t - T)H F{u{r))dT. 
1 J -00 



*[u]{t)=e- itH <l>- + 

By flUD, we have 

max|||Vo|U, ||Vb|k} < 47r. 
Therefore, from (12. 5p and (12.61) . we obtain 

ll*Nlk<C7(||^_|| + ||F(«)|| (lia) 

Since V G L 3/2 (R 3 ), we see that 

\\F(u)(t)\\ < \\V * \u{t)\ 2 \\\\u(t)\\ 18/7 < \\V Q \\ 3/2 \\u(t)\\l 8/7 , 

where we have used the Holder- Young inequality in the second inequality. Hence we 
see that 



\Zi 



< C 



\u\ 
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Similarly, we obtain 

\\y[u] -*[u]\\zi < C\\u-u\\ Zl {\\u\\z 1 + Nk) ■ 

It is clear that $?[u] G C(R;W). Therefore, we see that there uniquely exists u G Z\ 
such that ty[u] = u for sufficiently small 5 > 0. We can immediately find that the fixed 
point u solves the equation ( 1NLSI) . Furthermore, we obtain 

Nk <C||0_||, (2.7) 
\\u-e- itH ct>_\\ Zx <C||0_|| 3 . (2.8) 

It follows from u G L 3 (R; L 18 / 7 (M n )) that 

/oo 
||F(u)(*)||dt 

< / IMMKt)||? 8/7 <ft 

^ as t — > oo. 

Furthermore, if we put 

SV(0_) = 0_ + - / j m {F{u{t)))dt, (2.9) 

* ./IB 



we have 



lim - e~ itH S F {4>-)\\ =0. 

t^ + OO 



From ||f2_ (</>_) || = ||0-||, there exists some 5q > such that if 0_ G B(5o,H), then 
there uniquely exists v G Zi satisfying \l/[t>] = t> and 

lim ||v(t) -e-^n_(0_)|| = 0. (2.10) 

t^— oo 

Moreover, we have 

lim |Kt) - e- itH S F n„(<j)-)\\ = 0. (2.11) 

t— +oo 

By (HSJ), we see from f[2TT0l and f[2TTTj) that 

\\v(t) - e itA <j)4 

< \\v(t) - e-^Q_(0_)|| + ||e- itH fi_(0_) - e itA 0_|| 
= \\v(t) - e^fi_(0_)|| + - e^e itA 0_|| 

^ as £ — ► — oo 
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and 

\\v(t) - j tA n* + s F n-{<f>-)\\ 

< \\v{t) - e~ itH S F n.((P.)\\ + \\e~ itH S F n^) - e itA o;^o_(0_)|| 

= \\v{t) - e- itH S F Vt^{(j)J)\\ + - j tH j tA tt* + S F VL-{<l>J)\\ 

— > as £ — > +00, 

respectively. Thus, ( 11.81) and (11.91) hold if we define Si = Q*\_S F Q-. This completes 
the proof. □ 

3. SCHRODINGER PROPAGATOR 

For A > and y e M 3 , let H (A, y) be a linear operator on 7i defined by 
D(H(X, y)) = D(-A), H(X, y) = -A + X 2 V (Xx - y). 
Furthermore, we put 

H(X) = H(X,0). 

The operator H(X,y) becomes a self-adjoint operator on ri. In this section, we list 
some properties of the Schrodinger propagator e~ ltH ^ x ' y \ The properties are useful to 
prove Theorem 11.31 

Proposition 3.1. Let A > and (p E H. 

(i) 

(e- itH 4> x ) (x) = (e-*- atff <*V) (A -1 x). (3.1) 

(ii) 

(e-^U) (x - X- l y) = (e~ itH ^\ x -^) (x), (3.2) 
where r z (j)(x) := <f)(x — z), z6l 3 . 
Proof. Put u(t,x) = e~ ltH ^(j)(x). Then we see that 

(id t + A - V)u(X~H, A~V) = X- 2 (id t u + Au - AV(A» (A~ 2 t, A~V) = 

and 

u(0, A _1 x) = 4>\{x). 

Therefore, we obtain 

e- itH M%) = u(X" 2 t, X~ l x) = e- itx ~ 2H ^(j)(X~ l x). 
Furthermore, we have 

(idt + A - X 2 V(X(x - X^y))) u(t, x - A~V) 

= (id t u + Au- AV(A» (t, x - X^y) = 
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and 

u(0, x - X^y) = T X -iy(f>(x). 

Therefore, we obtain 

e- ltH{x ' y) r x -i y <j){x) = u(t,x- X^y) = e~ itH{ ^(j){x - X^y). 

□ 

Proposition 3.2. If <f> e C C °°(M 3 \ {0}) ; then we have 

Urn ||(e-^ (A ^-e i ' A )((-A+?)(-A-2)0)|| =0. (3.3) 

Proof. The proof is essentially similar to that of Theorem VIII. 20 in [12]. However, for 
the sake of completeness, we give here the proof dividing two steps. 
(Step I.) For a£l and m G Z> , let f(a) = e~ ita and g m (a) = e -^l^ . Let iff E H 
and £ > 0. Then there exists some mo € Z> such that 

\\g m (-A)iJ>-iJ>\\ <e (3.4) 

for any m > tuq. Henceforth, we assume that m = mo. Since g m is a continuous 
function vanishing at infinity, it follows from the Stone- Weierstrass theorem (see, e.g., 
|12j ) that there exists some two-parameter polynomial P(a,j3) such that 

sup \g m (a) - P ((a + (a - z) _1 ) | < e. 

Therefore, for any self-adjoint operator A, we have 

\\g m (A) -P((A + (A - t)- 1 ) \\<e. (3.5) 

Thus, we obtain 
\\(g m (H(X,y))-g m (-A))i>\\ 

< \\g m (H(X,y)) - P {(H(X,y) + z)~\ (H(X,y) - z)" 1 ) || ||^|| 
+ ||<? m (-A) - P ((-A + (-A - i)- 1 ) || IMI 

+ \\P ((H(X, y) + (H(X, y) - i)' 1 ) ((-A + (-A - z)" 1 ) ^|| 

< 2e|H| + \\P {(H(X, y) + (H(X, y) - i)' 1 ) j, - P ((-A + (-A - z)' 1 ) ^|| . 

(3.6) 

Here, we have used the property (13. 5p in the last inequality. Since it follows that 

F(ai,fr) - P(a 2 ,/3 2 ) = ^C k>l {(^ - a 2 )P fe - 1 (a 1 , a 2 )/3< + (ft - /^P*" 1 ^, /? 2 )a*} 

fc,/ 
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for some two-parameter polynomial P k , k = —1, 0, 1, 2, • • • , we obtain 
\\P ((H(X, y) + (H(\, y) - j> - P ((-A + (-A - i)' 1 ) V|| 

<C{\\ ((H(\, y) + z)- 1 - (-A + z)- 1 ) ^|| + || ((H(X, y) - z)" 1 - (-A - i)' 1 ) V||} . 

(3.7) 

Henceforth, we put ^ = (-A + i)(-A - i)<j>, (ft E C C °°(IR 3 \ {0}). Then we see that 
\\((H(\,y)±i)- 1 -(-A±i)- 1 )il>\\ 

< || ((H(X, y) ± i)- 1 - (-A ± z)- 1 ) (-A + 0(-A - z>|| 
= || (H(X, y) ± z)- 1 AV(- - A- 1 2 /)(-A =f 

< ||AV(--A- 1 2 /)(-A T z)0||. 

We set 77 = dist(supp0, 0). If A > is sufficiently large, then we have 

|| ((H(X, y) ± z)- 1 - (-A ± z)- 1 ) V|| < a|QolA 2 eXp( ~^~ y|) ||(-A T t>||. (3.8) 

We see from flSB- lEEgjl that 

lim ||^( J H r (A, 2 /))^-^(-A)V|| = 0. (3.9) 

A^oo 

(Step II.) Since fg m is a continuous function vanishing at infinity, it follows from the 
same argument of the proof of (13.61) that 

\\(f(H(\,y))-f(-AM\ 

< \\{fg m ){H{\y))^ - f{H{\y))1>\\ + \\(fg m )(-A)i> - /(-A)V|| 
+ \\(fg m )(H(X,y))^-(fg m )(-A)^\\ 

< \\f(H(X, y ))\\ \\g m (H(X, y))V - VII + ||/(-A) || ||a m (-A)V - V|| + 2e||V>|| 

+ J) P ((# (A, y) + (H(X, y) - t)' 1 ) i> - P ((-A + (-A - i)' 1 ) V 

< \\g m (H(X, y))ip - <? ro (-A)V|| + 2\\g m (-A)iJ> - VII + 2e||V|| 



+ 



P ((H(X, y) + (H(X, y) - t)' 1 ) ^-P ((-A + (-A - i)' 1 ) V 



(3.10) 



for some two-parameter polynomial P. Here, we have used the unitarity of f(A) in the 
last inequality. By Q and (j577j) - (|3T9"j) . Q holds. □ 

Proposition 3.3. For any A > and /or any e C^°(IR 3 \ {0}), we aave 

|| e -<tH-(A)0|| 6 < a^Xt)- 1 . (3.11) 

Here, the constant C(<fi) is independent of X and t. 
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Proof. Let C& be the best constant for the embedding H 



L 



C b = sup 



Then we obtain 

|2 



e -,tff(A)^||- < C 2 ||Ve-^ A V|| 

<C b 2 <Ve-^ A V, Ve-^ A V> 
<C b 2 <(-A)e-^ A V,e~^ (A) 0> 

< Cl (#(A)e^ A V, e"^( A V) - C 6 2 (A 2 (V ) A -ie-^ (A V, e~^ A V) 
<C 2 (tf(A)0,0> + C 2 ||A 2 (K ) ) A - 1 || 3 / 2 ||e^ A V||g 

< c 2 ||V0|| 2 + cl \{\\v,) x ^ 0>| + c 2 ||K,ll3/ 2 \V~ imx) 4 % ■ 



It follows that 



|<A 2 (K,) A - 1 0,0>| < |Qo|A 



exp(-AV?A) 
77 



< 



where 77 = dist(supp0, 0). Since 



cl 



< 1 



3/2 



(for the proof, see Section [A] below), we see that 

||e-^ A V|L < 



\ 



Cfe /io 


e~ r 






r 


3/2 



Furthermore, by ( 12.4ft and ( 13.11) . we have 



,-it\*H(\) t 



A -l/2 



A- 1 



= CA -l/2-2 + 5/2 r l ||0||6/5 

= cr 1 ||0|| 6/5 . 

From (I3TT3|) and (l3l4"jl . we have (l33Tj) . 



(3.12) 



(3.13) 



(3.14) 
□ 
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4. Proof of Theorem 11.31 

As we mention in Section [TJ we can reconstruct Vq from the knowledge of scattering 
states Si(0_)). In this section, we give the proof of Theorem 11.31 which enables 
us to see the exact form of V\. 

Set 

K[(j>] = hm^/(0 + 5 1 J]* -id)(e0), A 
Using (12.71) and (|2.8p . we have the following property: 

Proposition 4.1. (Strauss [19\) Assume that U.6\) holds. Then we have for all G TC, 

K[<P]= ! (F{e- ltH <P)^)dt. (4.1) 

We are now ready to state the proof of Theorem 11.31 

Proof of Theorem \1.3[ Remark that we obtain For any <p G Ti \ {0} and any A > 
||0|| 3/,2 5 _1 , (Q + SiQ*_ — id)(\~ 3 <j)\) is well-defined because we have 



||A- 3 A ||<A- 3 / 2 | 

Let u\ be the time-global solution to (11.71) satisfying 0_ = A~ 3 A . Put 
ul = e^ A (A- 3 A ), ^ = e*< A (0 A ), u\ = u x -u x . 

Then we obtain 

zA^fi+^lT - ^)(A- 3 A ), A ) = (J) A + + (11)1 + (II)l 

where 

(/)a = A 4 / ({V^u^ulu^dt, 



(H)l = ^ I ({V^u^uluXjdt, 

(//) 3 = a 4 / ((yi*« A «i)ui,<W 

Following the proof of Proposition 14.11 we see that for j = 1, 2, 3, 



INVERSE SCATTERING FOR NLS 

|(//) J A |<CA~ 7/2 ||0|| 6 -*O asA^oo. 
Following Proposition I3.1[ we obtain 

(J) A = A- 5 / Ql e M~M L-n-HEWftx-ix _ A-iy) fle-^M^x) ?d(t 

Jri \y\ 

= [ Q 1 eM ~ f " M \e- aH ^r x - ^(x)\Y itH{X) m\ 2 d(t,x,y) 

V \y\ 

where 

$(A,y) = / |e-^ A ^r A - 1?; 0(a;)| 2 | e -^ A V(a:)| 2 d(t,x). 

For the function $, we have the following property: 

Lemma 4.2. Assume that (p E C C °°(R 3 \ {0}) satisfies ^ and (A 2 + l)" 1 
CT(M 3 \{0}). 

(i) For any y £ M 3 , we /iai>e 

lim $(A )2 /) = ||e itA 0||J 4>4) . 

For any A > and y £ IR 3 ; we /iai>e 

|$(A,y)|<C(0), 
where the constant C(<p) is independent of X and y. 
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Proof of Lemma It follows from the Holder inequality that 
|$(A )2/ )-||e^" ; 



(4,4) | 

2 I JtA 

L+3 



+ / \e itA (j>(x) | \e- ltH{x ' v) T X -i y (t){x) - e itA <f>(x) \ \e~ itH{x) (^{x) \ d(t, x) 
+ / \e itA <J)(x)\ 2 \e- itHW <J)(x) - e itA (f)(x)\\e- itHW (f)(x)\d(t,x) 
+ [ \e ltA (j)(x)\ 3 \e~ itH{x U(x) - e itA (f){x)\d(t } x) 

</IR 

+ /" lle^HJIe-^^VA-i^-e^^ll He"^^!'^ 
||e-^ (A) - e^ll lle-^VIL 



,itA^|| 2 ||„-i 
16 

+ / lle^Helle-^V-e^H^ 
Jr 

where we have used the equality 

||e-^V A - l2/ 0|| 6 =||e-^ A )0|| 6 , 
which is given by (13.21) . in the last inequality. We can easily see that 

Therefore, by Propositions 13.21 and 13.31 and by applying the Lebesgue dominated the- 
orem with respect to the variable t, we obtain (i). Similarly, we have (ii). □ 

Let us go back to the proof of Theorem 11.31 Henceforth, we suppose that G 
C~(R 3 \{0}) satisfies ^ and (A 2 + 1)~V e C C °°(M 3 \ {0}). Using the above Lemma 
14.21 and Prop lATl (iii). we see from the Lebesgue dominated theorem with respect to 
the variable y that 

hm (J) A = ||e 0|| (4i4) ^ Q X - dy 

= 4vr%e^0||? 4>4) , 
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which implies ( II. lip . 



We next show fll,12p . Suppose that Qi ^ 0. Recall the definition of b, m and 
qj, j = 1, 2, • • • . It follows from Propositions 14.11 and 13. 1[ that 



a = b- 7 K[(P b ] = b- 7 Q l 



b~ 7 Qi 



Jr \ 



/ exp(-/iir) 



-itb- 2 H(b) 



-itb- 2 H(b) 



2 \dt 



/ exp(— 6/iir) 
'Vr \ br 



b -7+2+3+3Q^ j / <-M"-"/'M • ± \ t -.111,1,1 



= Q rhM-VW\r) 

Jr\ r 

= MQi)- 

By the Plancherel theorem, we have 



* e 



-itH(b) 



',\e- UH ^ b U\ 2 )ai 

2 i _,'4t//M , 1 2 



- aH ^6\ )dt 



y(a) = Air 




a 



M + I£l 2 

where $ denotes the Fourier transform on 7i\ 



Z\e-^4>\ 2 ) (0 



d£dt, 



$<p(g) := (2vr)- 3 / 2 / e- ix <cp{x)dx, <p E L 1 DH. 
Jr 3 

Therefore, ^ : R — > ^(IR) is odd, continuous, bijective and monotonically increasing. 
Thus, we obtain 



k=l 



k=l 



and 



m o + 2^ ^ ^ IGiI < m ° + 2* + 2^ 
fc=i fe=i 



Hence (JT7T2J) holds. 



□ 



5. Application 

In this section, we consider the inverse scattering problem for the semi-relativistic 
Hartree equation 



(id t + Vl-A S )w = F 2 (w), (t,x)e 



>l+3 



(SRH) 



IS 
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Here. 



exp(-// 2 rj 2 
F 2 (w;) = ( Q 2 * M ) w - 



The equation fISRHI) is used to describe Boson stars. For the detailed physical back- 
ground, see Lenzmann [TJ. 

There is no result for the inverse scattering problem for the nonlinear semi-relativistic 
equation. Instead, we review the inverse scattering problem for the nonlinear Klein- 
Gordon equation. Morawetz-Strauss [TO] initially studied the inverse scattering prob- 
lem for the Klein-Gordon equation with power nonlinearity. Later, Bachelot [2J con- 
sidered more general cases. Weder [2S1 ED] proved that a more general class of non- 
linearities is uniquely reconstructed, and moreover, a method is given for the unique 
reconstruction of the potential that acts as a linear operator and that this problem 
was not considered in [TUJ [2]. The inverse scattering problem for the Klein-Gordon 
equation with a cubic convolution 

dtiv - Aw + w = (V* \w\ 2 )w, in (t, x) G R 1+ " 



was initially studied by [18J. In the case where V satisfies V = \\x\~ a for some a and 
A, [UJ proved that V can be recovered. Unfortunately, as far as the author knows, 
there is no known method to recover the nonlinearity F 2 (w). 

We shall determine the value of Q 2 and fi 2 from the knowledge of the scattering 
operator given by the following Proposition: 

Proposition 5.1. Let s > 5/6. Put U 2 (t) = e^^ 1 ^, X 2 = H s , Y 2 = L 2 (R; H s f 5/6 (R 3 )) 
and Z 2 = C(R; X 2 ) n Y 2 . Then there exists some 5 > satisfying the following proper- 
ties: 

If <fi- G B(5;X 2 ), then there uniquely exist w G Z 2 and <p + G X 2 such that 

1 /•* 

w{t) = U 2 {t)(j>- + - / U 2 {t - r)F 2 {w{r))dr, (5.1) 
(j>+ = <t>- + \ I U 2 (-t)F 2 (w(t))dt, (5.2) 



i 

\H\z 2 <C||0-lk, (5.3) 

||«;-£/ 2 (i)</>-|k<tf|l<Mx 2 , (5-4) 
mn\\w(t)-U 2 (t)<j> ± \\ Xa = 0. (5.5) 

t— »±oo 

Therefore, we can define the scattering operator for liSRH\) 

S 2 : B{8; X 2 ) 3 0_ h-> + G X 2 . 

Remark 2. We can easily show Proposition 15. II by following the proof of Theorem 3.4 
in Cho-Ozawa [1]. 
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From the knowledge of (</>_, S^^-)), we give the following formula for determining 

Theorem 5.2. Let s be a positive number given by Proposition ^. l\ Let 1 < p < 12/7 
and k > 11/12. Assume that 



(i) we have 



Q_ 

t4 



2 A 



G (H S (R 3 ) n H*(R 3 )) \ {0}. 
lim 2A 4 ((5 2 -^)(A- 3 A ),0 A 

Woo \ 



47T e*5 



i^A / ||4 



1(4,4) 



d 



Q 2 



i4 



1/2 



a exp(— a/ |a|rj 



r 



-iWd A -A, 



dt, a G 



fo = limi£ d ((S2 — id)(e(j>d),<t>d), 

e— >0 

l = max {I G Z> ;tf 2 (0 < \h\} , 
pi = max{p = 0,l;* 2 (fo + |) < l^l} 

p i+ i = maxjp = 0, 1;^ 2 + f| + P 

Then we have 



k=l 



2 k 2^' +1 



< \h\ 



J = 1,2, 



(5.6) 



(5.7) 



5.1. Proof of Theorem 15.21 In order to show Theorem 15.21 we first prepare the 
following lemma: 

Lemma 5.3. For A > 0, let 

U X {t) = e ttA a -ttVA»=A jjoo^ = j^A 

^ssnme that 1 < p < 12/7 and k > 11/12. J/0 G iP(M 3 ) n #p(M 3 ) ; t/ien we have 

lim ||f/ A (t)0 - U°°(t)(f)\\ {4A) = 0. (5.8) 

A— >oo 
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Proof. From the embedding if 3//4 (IR 3 ) > L 4 (R 3 ) and the Plancherel theorem we obtain 
\\U x {t)<p - U°°(t)(j)\U < C\\U\t)<f) - u c 



< c 



J,tX 2 -it\- s /\ 2 m\ 



(£> 3/4 ^> 



L 2 



Since (£) 3//4 .F0 g TL and 



A 2 -Av/A 2 + |e| 2 



-lei 2 

l + v /l + |e| 2 A 2 



as A — > oo 



for any £ G IR 3 , it follows from the Lebesgue dominated theorem that 



lim \\U x {t)<p- U c 



A— >oo 



4 = for any t G 



(5.9) 



Now we put A > 1. By the LP — L q estimate for the free Klein-Gordon equation in [3], 
we obtain 



|^(t)0|| 4 = ( 



^-3/4|| e -iiA 2 v / T r A ( 



<CA- 3/4 |tA 2 r 3/4 



'A 4 



H 



5/4 
4/3 



< c|t|- 3 / 4 



H 



5/4 
4/3 



(5.10) 



Using the complex interpolation method for the linear operator U x (t), we see from 

l#3/4( 

and floTTOj) that 



\U x (t)<f>\U < cwuWtWww < c\\</> 

||f/ A (t)0||4<C(l + |t|)- 3e/4 ||0|U 



(5.11) 



where 



A e = F 3 / 4 (M 3 )n^(ii 3 ), fc = | + |, 



1 o 

- + -, 0<9<1. 



Thus, we can easily see that the left hand side of (15.111) belongs L 4 (R) ifl/3<0<l. 
Therefore, we obtain 

\\U x (t)<P-U~(t)<j>\U<Cg(t), 

where g G L 4 (IR) is some suitable function independent of A. By (15.91) . it follows from 
the Lebesgue dominated theorem with respect to time t that (15.81) holds. □ 



We are ready to prove Theorem 15.21 
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Proof of Theorem \5.°A Following the line of the proof of (11.111) . we obtain 
hmzA 4 ((5 2 -^)(A- 3 A ),0 A \ 

A^oo \ / 

'F 2 (U 2 (t)<i> x ),U 2 (t)(i>x)dt 



lim iX 

A^oo 



lim 

A— >oo 



Q 



exp(-^abl) 



U x {t)(f){x- \- l y)\ 2 \U x (t)(t>{x)Yd{t,x,y). 



Rl+2.3 



By (15.81) . we have (I5.6p . The remaining formula (I5.7P can be shown by the same 
argument as the proof of (15.61) . □ 

Appendix A. Some Norms of the Yukawa Potential 

In this appendix, we consider some norms of the Yukawa potential e~ r jr. Our claim 
is the following: 

Proposition A.l. (i) The condition M.b]) is equivalent to Ii2.1\) . 
(ii) We have (EXf. 
(Hi) We have ||e~ r / r lli = 4tt. 



Proof. For 1 < p < 3, we obtain 



(47rp^ 3 r(3 - p)) 



Here, T is the usual Gamma function. In particular, we see that 

_ 2 5 / 3 7T 
3/2 ^ 

Hence we have proved (iii). By Aubin and Talenti [U [20], the best constant Cb is 
explicitly given by 



— T 

e 




— T 

e 




= 47T, 




r 


1 


r 



a = — [-= 



Thus, we have 



cl 



37T \ \/7T 



3/2 



2/3 



57T 



-1/3 



9 



< 1, 



which implies (ii). 

We now consider the Rollnik norm of the Yukawa potential. Lieb [8] proved that the 
best constant for the Hardy-Littlewood-Sobolev inequality is given by 



sup 



*r - 3 



3/2 



^GL 3/2 (1 3 )\{0} =2 2 / 3 vr 4 / 3 . 
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Therefore, we see from the Holder inequality that 



R 



< 2 1 /V/ 3 



1 


e~ r 


>* 




1/2 


e 




r 


r 


3/2 




r 


3/2 


= An 


n 2/3 

3 


< 47T. 



1/2 



(A.l) 



On the other hand, we next consider \\e r / r lk- Since the function (e r /r) * r 1 is 
radial, we have 

-\y\ 

-.dy 



e~ r 1 

* -(x) 

r r 



y\V IfI - yd + 2/2 + m 



2 



rs 2 rV¥\ -0i\ 2 + \e 2 \ 2 + \e 3 \ 2 



R~ L e 



l„-R 



da{6) 



da(d)dR 



dR. 



«s 2 VIM -#i| 2 + l# 2 | 2 + |# 3 | 2 



i„-.R 



rJVW^si Vl N -s| 2 + i? 2 -s 2 V^-s 1 



min{i?, 


x|} 









Thus, we obtain 



Hence (ii) is true. 



47T. 



K 



(A.2) 
□ 
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